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L atest release in http://reduce.maths.gmw.ac.uk/packages/odesol vl
which contains full source, tests and documentation.

Current release is version 1.06, but | will describe version 1.065.
Requires REDUCE development version or next release version.
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History

Developed from Malcolm MacCallum’'s 1990 odesol ve by fixes and additions ...

“organic”
growth, mainly
by accretion ...

odesol ve

ODESol ve 1.05

impossible to
continue like
this!

ODESolve 1.06 is completely restructured, mainly to split linear and nonlinear ODEs
and classify ODEs
 firstly by linearity, and

» secondly by order.
Most procedures are recursively callable.

ODESolve 1.065

Module Lines Function
odesolv1 150 Header, tracing, etc.

odeintfc 650 User interface and condition code
odetop 550 Top level ODESolve routines
odelin 650 Simple linear ODEs

odespcfn 600 Linear special function ODEs

odenonl 750  Special form nonlinear ODEs of order 1
odenonn 400  Special form nonlinear ODESs of order > 1
odepatch 150 Temporary REDUCE patches and extensions
Total 4000 (cf. 800 lines for original odesol ve)
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ODE Classification
Not unique, e.g.

dy _
dx y

is both linear first-order and first-order separable!

ODESol ve 1. 06+

First order First order Linear Nonlinear

linear nonlinear first order first order
s — 1

Higher order | Higher order Linear Nonlinear

linear nonlinear higher order || higher order

Linear / Nonlinear

Why merge? (ODESolve < 1.05)

¢ Common preprocessing:-
= agebraic factorization
= solving for single derivative
» trivial order reduction (y missing, etc)
= shifting x

¢ Common solution techniques, e.g. “equidimensional-in-x" ~ Euler.

Why distinguish? (ODESolve > 1.06)

¢ Represent linear ODE solutions as basis and particular integral
= output option and internal representation

¢ Represent linear ODE using coefficients and driver

¢ Optimized preprocessing for linear ODES
» factorization — “monic” coefficients

= trivial order reduction can use multiple integration to raise order because
solution is guaranteed explicit

= shift x only if necessary, e.g. Euler and special function ODEs; much more
reliable.
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ODESolve 1.065 Logic (Simplified)

odei ntfc

variables, dependence,
conditions, options

odesol v1
odepat ch

odet op /\ :
< yes | no | agebraically

inears factorize
basis off
merge ———»
< Yes
Exact?
linearity tests Solve for derivative?
order tests I nterchange?
roots of unity Differentiation?

odel i n

5
2|8
ODE - coeffs& driver | 2|&
constant coeffs? a
Euler? —>
trivial order reduction?
exact?
A 4
second basis - I|_near >
order” combination
' yy —»
&5
odespcfn (optior_lally N
earlier?)
first 5
no derivative? yes | 5
@
S
Bessel etc. 2
Airy etc. Orthogonal Q
polynomials

odenonn

trivial order reduction?

= amej

shift x?

autonomous?
scale-invariant (inc. equidim-in-x)?
equidim-in-y?

arbitrary const. simplification

odenonl

separable?
guasi-separable?
(algebraically) homogeneous?
guasi-homogeneous?
Bernoulli?
Riccati?
solvable for x or y (inc. Clairaut
and Lagrange)?
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Nonlinear first-order solution techniques

First degree

&_

X —
> (X)9(y) - quadrature

1. Separable:
. dy _ .
2. Quasi-separable: "= f(y+kx) cf. “quasi-homogeneous’

dy _ . .
3. Homogeneous: i f(Y/ X) - first-order linear ODE

dy _ (Hax+by+c

4. Quasi-homogeneous: dx Hagx rby+c, f arbitrary!
d n
5. Bernoulli: d_i/ =P(X)y+Q(X)Y", narbitrary — first-order linear ODE

d
6. Riccati: d—iz a(x)y’ +b(x)y+c(X) _ second-order linear ODE

Higher degree

¢ “Solvablefory” - y=f(X,y’) - ODEfor y'(X)
Special cases:
» Lagrange: Y=XF(y')+G(y’) - first-order linear ODE for x(Y’)
» Clairaut: F(xy'-y) =G(Y’),y - arbitrary constant gives general solution,
differentiating may give singular solution
¢ “Solvableforx’ — x=f(y,y’) - ODEfor y'(y)

Nonlinear higher-order solution techniques
“Simplifiers’:
¢ explicit absence of y and low order derivatives - trivial order reduction

¢ manifest dependence on x+k — shift

Special cases of Lie symmetry.
Classification is not unique, so try the most useful first!

1. Autonomous: no explicit dependence on x — ODE iny' of order one lower.

2. Scaleinvariant or Equidimensional in x: invariant under x — ax,y — a'.
Exponential transformation of x — autonomous — ODE of order one lower.
( Equidimensional in x if p =0, cf. Euler linear ODE.)

3. Equidimensional iny: invariant under y — ay. Exponential transformation of y
— ODE of the same order that may be “more linear”.
(All reduced linear ODEs are trivially equidimensional iny.)
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Interface
REDUCE Devel opnent Version, Thu Feb 18
1: | oad_package odesol v1;

ODESol ve 1. 065 | oading ..

Variables and Dependence
2: ODESol ve(df(y, x)

=y

*** Dependent var(s) assuned to be y
*** | ndependent var assunmed to be X

*** depend y , X

X
{y=e *arbconst (1)}

11: 54: 05

3: operator vy;

4: ODESol ve(df (y(x),x) = y(x));
*** Dependent var(s) assumed to be y(x)
*** | ndependent var assuned to be X

X
{y(x)=e *arbconst(2)}

5: ODESol ve(df(y,x) =p, VY, X);
{y=arbconst (3) + p*x}

6: depend {p,q},u, {u},v, {v}, x;

7: ODESol ve(df(y,x) =p, VY, X);
{y=arbconst (4) + int(p,Xx)}

8: operator p;

9: ODESol ve(df(y,x) = p(x), Yy, X);
{y=arbconst (5) + int(p(x),x)}
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10: CODESol ve(df (y,x) + p*y = g*y™n, vy, X);

i nt(p, x)
y int(p,X)*n int(p,X)*n e *q
{----=(e *arbconst (6) - e *Iint(------------- , X)*n
n int(p,x)*n
y e
i nt(p, x)
int(p,x)*n e *q i nt(p, x)
+ e *Iint(------------- , X))/ e }
int(p,x)*n
e
11: ODESol ve(df(y,x) + p*y = q*y"3, vy, X);
1 2*int (p, x) 2*int (p, x) q
{----=e *arbconst (7) - 2*e *Iint(------------- , X) }
2 2*int (p, x)
y e
Options

explicit, expand, full, implicit, noint, verbose, basis, tracing
12: CODESol ve(df (y,x) + p*y = g*y”"3, explicit);

*** Dependent var(s) assunmed to be y
*** | ndependent var assuned to be x

plus_or_mnus(tag_1)

int(p, x) q
e *sqrt(arbconst(9) - 2*int(------------- . X))
2*int (p, x)
e

13: ODESol ve(df(y,x) + p*y = q*y*3, vy, x, full, tracing);
This is a nonlinear CDE of order 1.

It is of Bernoulli type.
1
{y=-------------"-"-"---"-""- e )
i nt(p, x) q
e *sqrt(arbconst(11) - 2*int(------------- , X))
2*int (p, x)
e
-1
ittt }
int(p,x) q
e *sqgrt(arbconst(11) - 2*int(------------- , X))
2*int (p, x)
e
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Conditions

14: ODESol ve(df(y,x) =y, y = a, X

0);

X
{y=e *a}

15: ODESol ve(df(y,x) =y, y =a, x =0, tracing);
This is a |inear ODE of order 1.

It is solved by the integrating factor nethod.

X
General solution is {y=e *arbconst(13)}

Appl ying conditions {{x=0,y=a}}

X
{y=e *a}

16: CODESol ve(df (y,x,2) +vy, v, x, {{y=0, x=0}, {y=a, x=pil/2}});
{y=sin(x)*a}

17: ODESol ve(df(y,x,2) +vy, vy, x, {y=0, df(y,x)=a, x=0}, tracing);
This is a linear ODE of order 2.

It has constant coefficients.

General solution is {y=arbconst(17)*sin(x) + arbconst(16)*cos(x)}

Appl yi ng conditions {{x=0,y=0,df(y, x)=a}}

{y=sin(x)*a}

Not robust, needs better support for functional notation and eigenval ue problems!
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Details of some nonlinear first-order solution techniques

ble: ﬂ=
Separable: ax

Any separation of F(X,Yy) will sufficel Choose any constant a such that F(a,y)
existsand F(a,y)#0. If F(X,y)=f(x)g(y) then F(a,y) = f(a)g(y) and

Fxy) _ (9
F(a,y) f(a)

F(x,y)=f(¥)a(y) - quadrature

isfree of y. (Implicit dependence requires care!)

d
Quasi-separ able: d_i/ =F(xy) = f(y+kx) cf. “quasi-homogeneous”
OF /ox _

= iff —— =k =constant
F(xy) = f(y+kx) iff OF [dy .
dy Hax+by+c
- - —=F(x,y)=f i
Quasi-homogeneous: dx (X, Y) x+hy+c, f arbitrary!

1. Find the first “function argument” that is arational function, with numerator and
denominator that both depend on x.

2. Check that numerator and denominator have the same degree in x (and y).
If that degree > 1 then extract the squarefree factors using p/gcd(p, p’).

3. Check that numerator and denominator are really linear polynomialsin x and y
(ignoring dependence of y on x).
The ODE was quasi-homogeneous iff the new ODE is homogeneous.
(The degenerate case a,b, = a,b, was already treated as quasi-separable.)
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Solution of second-order linear special function ODEs

Part of the top-level special function solver:

cO := first odecoeffsl

soln :=if (cl := second odecoeffsl) then <<
traceodel "First-order derivative present.";
synbolic or(

%y" - 2x*y' + 2n*y:
ODESol ve! -Herm te(cl, cO0, x),
% x*y" + (mtl-x)*y’ + n*y:
% x*y" + (beta-x)*y’ - al pha*y:
ODESol ve! - Kummer ! - Laguerre(cl, cO0, x),
% xX"2*y" + xX*y' + (+/ -x"2-n"2)*y:
% x"2*y" + (1-2al pha)x*y’ +
% (+/-betanr2 gamma"2 x~(2gamm) + (al pha™2-n”2 gamma”™2))*y:
ODESol ve! - Quasi Bessel (c1, cO, x, driverl),
% (x"2-1)*y" + (al pha-beta+(al phatbeta+2)*x)*y’ -
% n* (n+al pha+bet a+1) *y:
ODESol ve! - Jacobi (c1, cO0, x),
% x*(x-1)*y" + ((al phatbeta+l)*x-gamm))*y’ -
% al pha*bet a*y:
ODESol ve! - Gauss(c1, c0, x))
>> el se <<

traceodel "First-order derivative mssing."

synbolic if depends(den c0O, x) then
% x"2*y" + (+/-beta”2 gamma"2 x~(2gamm) + (1/4-n"2 gama"2))*y
ODESol ve! - Quasi Ri ccati Bessel (c0, x) or
%y" + (-1/4+k/ x+(1/4-m2)/ x"2)*y
ODESol ve! - Whi tt aker (c0, x)

el se
%y" + x*y
ODESol ve! - Airy(c0, x) or
%y" + ((2n+l)-x"2)*y
%6 CDESol ve! - Weber! -Herm te(c0O, x) or
%y" - (1/4x"2+A)*y
ODESol ve! - Parabol i c!-Cylinder(c0O, x)

>>

A very simple explicit solution routine:

al gebrai c procedure ODESol ve! -Airy(cO, Xx);
Woy" + x*y
%0 cO0 = a”2(ax+th)
begin scal ar coeffs, a;
traceodel "Airy equation?";

coeffs := coeff(cO, x); % {an2b, a3}

if high_pow neq 1 or depends(coeffs, x) then return;
a := (second coeffs)”(1/3);

X :=-(a*x + (first coeffs)/a"2);

traceode "Airy equation.";
return {Airy A (x), Airy Bi(x)}
end$
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